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Large-scale urban traffic networks operate under highly dynamic, nonlinear, and
uncertain conditions, where fluctuating traffic demand, incomplete sensor data,
and unpredictable driver behavior make real-time signal optimization a complex

decision-making challenge. To address these issues, this study introduces the con-
cept of Circular Complex Pythagorean Fuzzy Sets (CrC-PFS) for modeling uncer-
tainty in urban traffic signal control problems. The proposed CrC-PFS framework
extends classical Pythagorean fuzzy sets, Complex Pythagorean fuzzy sets, and
circular Pythagorean fuzzy environments by providing greater flexibility in rep-
resenting membership, non-membership, and hesitation degrees under periodic
and time-varying traffic patterns. To enhance computational capability, we es-
tablish refined algebraic operational laws for CrC-PFS, including direct sum, direct
product, and scalar multiplication operators based on generalized ¢-norm and ¢-
conorm structures. In addition, Circular Complex Pythagorean fuzzy weighted av-
eraging and ordered weighted aggregation operators are developed to integrate
multiple traffic performance indicators such as queue length, delay time, satura-
tion flow, and emission levels within a multi-criteria decision-making framework.
Furthermore, an intelligent hybrid machine learning mechanism is incorporated
to dynamically learn traffic flow patterns and adapt signal timing strategies in
large-scale urban networks. By integrating fuzzy uncertainty modeling with pre-
dictive learning algorithms, a robust optimization framework is constructed for
adaptive traffic signal coordination. The experimental findings demonstrate that
the proposed model significantly improves traffic efficiency, reduces congestion
levels, and enhances overall network resilience, thereby supporting sustainable
and uncertainty-aware urban transportation management.
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1. Introduction

Large-scale urban traffic management represents a critical and challenging decision-making prob-
lem in modern smart cities, where traffic signal control systems must continuously determine opti-
mal signal timings, phase sequences, and coordination strategies from multiple feasible alternatives.
These decisions are governed by numerous and often conflicting criteria, including traffic flow effi-
ciency, vehicle delay, queue length, pedestrian safety, fuel consumption, and environmental emis-
sions. With the rapid growth of urban populations and vehicle density, traditional fixed-time or rule-
based signal control methods are increasingly inadequate for handling complex and dynamic traffic
conditions.

Urban traffic environments are inherently uncertain and nonlinear due to fluctuating traffic de-
mand, unpredictable driver behavior, weather variations, road incidents, and sensor noise. Conven-
tional crisp or probabilistic decision-making models struggle to effectively represent such ambiguity
and hesitation in traffic data. To overcome these limitations, fuzzy set-based decision frameworks
have gained significant attention for their ability to model imprecision, partial truth, and uncertainty.
In particular, circular complex Pythagorean fuzzy sets provide a powerful mathematical structure to
capture both the magnitude and phase information of traffic-related uncertainty, enabling a richer
and more flexible representation of complex traffic states.

In parallel, intelligent hybrid machine learning techniques have demonstrated strong capabilities
in learning traffic patterns, predicting congestion, and adapting control strategies in real time. How-
ever, machine learning models alone often lack interpretability and robustness when faced with in-
complete or noisy data. By integrating circular complex Pythagorean fuzzy modeling with intelligent
hybrid machine learning, urban traffic signal optimization systems can effectively fuse uncertain traffic
information, extract meaningful patterns, and support reliable multi-attribute decision-making.

Such an intelligent decision framework enables adaptive, scalable, and uncertainty-aware traffic
signal control across large urban networks. The resulting optimization improves traffic efficiency, re-
duces congestion and emissions, enhances road safety, and contributes to sustainable urban mobility,
thereby supporting the development of resilient and intelligent transportation systems in smart cities.

1.1 Literature Review

The concept of the fuzzy set was introduced by Zadeh in 1965 [1] to model real-world problems
involving uncertainty and imprecise information. Fuzzy set theory allows elements to belong to a
set with varying degrees of membership and has been widely applied in areas such as data mining,
clustering, decision analysis, and medical research.

Later, Atanassov [2] extended this concept by introducing intuitionistic fuzzy sets, which consider
both membership and non-membership degrees. However, the restrictions of this model limit its abil-
ity to represent some real-world situations. To overcome this issue, Yager [3] proposed the Pythagorean
fuzzy set, providing greater flexibility. Subsequently, Senapati [5] introduced Fermatean fuzzy sets to
further expand the representation of uncertainty. Yager later generalized these concepts through the
g-rung orthopair fuzzy set [4], offering a more flexible framework for handling uncertain information.

In many real-world decision-making problems, experts may express opinions as positive, negative,
or neutral. To capture these responses, Cuong [6] proposed picture fuzzy sets, which include member-
ship, non-membership, and neutrality degrees. Later, Mahmood et al. [7] introduced spherical fuzzy
sets, providing a more flexible framework than earlier models. To further generalize this concept, Ul-
lah et al. [8] proposed T-spherical fuzzy sets, which offer enhanced capability for modeling complex
uncertainty.

These developments in fuzzy set theory provide powerful tools for representing uncertainty and
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have been widely applied in intelligent decision-making, sustainability analysis, and various techno-
logical applications.

In real-life decision-making scenarios, decision makers (DMs) often face significant challenges when
selecting the most appropriate option among several alternatives, especially as systems become more
complex. Organizations must consider multiple objectives simultaneously while shaping strategies,
defining goals, and motivating their workforce. Therefore, effective decision-making requires meth-
ods that can properly handle uncertainty and provide reliable evaluations of available alternatives.
However, many existing approaches have limitations in representing uncertain information and its
variations over time.

To address this issue, [9] introduced the concept of complex fuzzy sets (CFS), which extend the
traditional fuzzy set framework by allowing membership values to be represented in the complex
plane. This extension enables the modeling of additional information such as amplitude and phase
terms. Since CFS considers only complex-valued membership information, [10] later proposed complex
intuitionistic fuzzy sets (CIFS) by incorporating a complex-valued non-membership function. Although
CIFS improved the representation of uncertainty, its restrictions still limit its ability to describe certain
complex situations.

To provide greater flexibility, Ullah et al. [11] developed the complex Pythagorean fuzzy set (CPyFS),
which extends CIFS by relaxing its constraints and allowing a broader range of membership and non-
membership information. However, some decision-making situations may still violate the conditions
of these models. To overcome these limitations, Liu et al. [13] proposed the complex g-rung orthopair
fuzzy set (Cq-ROFS), which provides a more generalized framework for handling uncertain and complex
data in multi-attribute decision-making (MADM) problems.

Although Cg-ROFS improves the representation of uncertainty, it does not explicitly consider neu-
tral information. To capture such situations, Akram et al. [14] introduced the complex picture fuzzy set
(CPiFS), which incorporates membership, non-membership, and neutral information simultaneously.
Later, the complex spherical fuzzy set (CSFS) [15] was proposed as a further generalization of CPiFS,
providing greater flexibility in representing uncertain data. More recently, Ali et al. [16] introduced the
complex T-spherical fuzzy set (CT-SFS), which offers an even more generalized framework capable of
handling a wider range of complex and uncertain decision-making situations..

Another research direction investigated the possibility of extending the framework of intuitionistic
fuzzy sets to a circular domain. In this context, Atanassov [17] proposed the concept of Circular Intu-
itionistic Fuzzy Sets (CIFSs), where membership and non-membership information are represented
within a circular region. This representation provides additional flexibility for modeling uncertain in-
formation.

Later, Bozyigit et al. [18] introduced Circular Pythagorean Fuzzy Sets (Cr-PFSs) as a further exten-
sion of circular intuitionistic models. In this approach, membership and non-membership values are
represented within a circular structure characterized by a radius that determines the allowable region
on the plane. This formulation enables a broader representation of uncertainty compared with earlier
fuzzy models.

More recently, Yusoff et al. [19] generalized this idea by proposing Circular ¢-rung Orthopair Fuzzy
Sets (Cirg-ROFSs), which extend the circular fuzzy framework by introducing a parameter that in-
creases the flexibility of membership and non-membership representation. Zeeshan et al. [21] fur-
ther investigated the mathematical properties of Cirg-ROFSs and developed several operational laws,
including algebraic and Dombi operators.

In recent years, fuzzy multi-criteria decision-making (MCDM) approaches have been widely applied
in business, engineering, and sustainability-related problems. For example, Ullah et al. [29] proposed
a stock market decision-making framework based on circular complex picture fuzzy sets combined
with the CRITIC-WASPAS method. Liu et al. [31] introduced a prospect-regret based three-way de-
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cision model using g-rung orthopair fuzzy preference relations to address energy crisis issues. In the
field of sustainable development, Liu et al. [32] applied CODAS and WASPAS methods under circular
linguistic T-spherical fuzzy Hamy mean aggregation operators for green building evaluation. Further-
more, Ali et al. [33] investigated artificial intelligence applications in healthcare using a CRITIC-TOPSIS
approach based on A-(pq) cubic quasi g-rung orthopair fuzzy aggregation operators. Recent research
has also introduced advanced circular and complex fuzzy frameworks to address uncertainty in intel-
ligent decision-making systems, particularly in applications such as agricultural robotics [30].

1.2 The main motivations

Overall, circular complex pythagorean fuzzy set (CrC-PFS) is the extensive generalization of Pythagorean
fuzzy set. Nonetheless, some situations cannot be managed well by C-PFS. The proposed within the
framework of this paper is the new method of Circular Complex pythagorean fuzzy set Fuzzy Set (CrC-
PFS) whose operational laws include CrC-PFS a combination of the degrees of membership, absti-
nence, and non-membership with a condition in which the total of power of the real part (as well as
imaginary part) of the membership, abstinence, and non-membership grades is not more than a unit
interval.

MCDM methods are progressively gaining popularity as future devices of evaluating and solving
complex real-time dilemmas owing to their inherent ability to evaluate a large number of choices by
a number of variables with the aim of possibly selecting the most suitable choice. The challenges in
MCDM have several distinctiveness like the existence of more than one non-commensurable and con-
flicting criteria, the criteria have different units of measurement, and the existence of relatively dis-
similar options, as well. These decision-making issues characterize multidimensional situations and
are being addressed using the MCDM techniques. The MCDM techniques are aimed mostly at the
analysis and prioritization of the available alternatives. This is so many times because MCDM tech-
niques can give different results (i.e. the same alternatives are ranked differently depending on which
techniques are applied). This is due to the numerous mathematical artifacts in which the methodolo-
gies under discussion make use of them. The WASPAS technique is a peculiar blend of two popular
MCDM techniques i.e. weighted sum model (WSM) and weighted product model (WPM). Its use in-
volves first developing decision/evaluation matrix, X = [2;;]m.n Where the z;; is the performance
of 4;;, alternative against j;;, criterion where m and n are the number of alternatives and number of
criteria respectively. The multiple options that are now feasible are ranked in terms of the value of Q
and the top alternative is that with the maximum value of Q. Table 1 presents the exact limitations of
the previous studies against the suggested strategy.
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Table 1
Comparison of the proposed model with extant models in the literature

Concept MD NMD CMD CNMD Radius X\ [

FS Yes No No No No No No
IFS Yes  Yes No No No No No
PyFS Yes Yes No No No No No
q-ROFS Yes Yes No No No No No
PiFS Yes Yes No No No No No
SFS Yes  Yes No No No No No
T-SFS Yes  Yes No No No No No
CrIFS Yes  Yes No No Yes No No
CrPyFS Yes Yes No No Yes No No
Crg-ROFS Yes  Yes No No Yes No No
CFS Yes No Yes No No No No
CIFS Yes  Yes Yes Yes No No No
CPyFS Yes Yes Yes Yes No No No
Cq-ROFS Yes Yes Yes Yes No No No
CPiFS Yes Yes Yes Yes No No No
CSFS Yes  Yes Yes Yes No No No
CT-SFS Yes  Yes Yes Yes No No No

Proposed CrC-PFS Yes Yes Yes Yes Yes Yes Yes

where MD is membership degree, NMD is non membership degree, CMD is complex membership
degree, CNMD is complex non membership degree, ) is acts as a power-based aggregation parameter,
and f is acts as a control coefficient within the WASPAS method.

We found from the aforementioned investigation that the following are the main issues that all
experts have:

(1) On the basis of C'rC-PFSs, how should novel operational laws be drafted?

(ii) On the basis of novel operational laws, how may new operators be developed?

(iii) How can all actions be ranked according to the developed operators?

1.3 Novelty and main contributions

This research is intended to establish a rational and intellectual method of supporting a decision
so that the most appropriate alternative can be adopted out of a number of alternative sources. The
integration of algebraic complex operational rules into the CrC-PFS environment will allow one to use
the CrC-PFS arithmetic and geometric mean aggregation operators which will ensure the efficiency of
the conceptual framework.

The key achievements and objectives of this article are as follows:

1. Itis more competent, comprehensive and reliable than the present day conception such as CrC-
PFS in the aspect of uncertain data to be dealt with in the decision making process. Also, no prior
studies have examined the relationship between CrC-PFS situations and the use of arithmetic
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and geometric mean aggregation operators based on algebraic complex operations laws. Thus,
it is important to improve geometrical and arithmetic mean of aggregation operators based on
complex operational principles to solve MCDM problems in CrC-PFS cases.

2. An interesting concept to managing data in three dimensions in one set is the arithmetic and
geometric mean aggregation operators pursuant to setting CrC-PFS that uses complex opera-
tional rules. Thus, this research aims at providing Crcular Complex-PFS weighted arithmetic
mean aggregation operator (CrC-PFWAM), Crcular Complex FFS ordered weighted arithmetic
mean aggregation operator (CrC-PSFOWAM), Crcular Complex PiSFS weighted geometric mean
aggregation operator (CrC-PFWGM) and Crcular Complex FFS ordered weighted geometric mean
aggregation operator (CrC-PFOWGM).

3. The relations defining between these operators are emphasized to deal with some of their fea-
tures such as being bounded, idempent and monotonic.

4. To develop two different, innovative approaches founded on the CrC-PFWAM and CrC-PFWGM.

5. Anillustrative representation of the given approach is provided to make the proposed procedure
even more understandable and clear. The recommended modelling technique is graphically
presented by applying a flowchart in visualising the desired process.

6. To give examples of application that can prove the feasibility and reliability of the proposed
techniques. Also, the comparison of the proposed techniques with the existing methods will
show that the proposed techniques are superior and that the aggregation process will be more
flexible as the arithmetic and geometric mean aggregation operators are used in accordance
with CrC-PFS conditions and the complicated rules of operation.

1.4 The structure of this paper

As shown below, this article is structured as follows: Section 2 deals with the construct of complex
operational laws based CrC-PFWAM aggregation operator, CrC-PFOWAM aggregation operator (CrC-
PFOWAM). Section 3 discusses the concept of CrC-PFWGM aggregation operator and CrC-PFOWGM
aggregation operator in the framework of Circular Complex pythagorean fuzzy sets and their proper-
ties. Section 4 proposes aninnovative method of decision-making through the latest methods that rely
on the CrC-PFWAM and CrC-PFWGM. Besides, Section 5 includes an example to illustrate the worth
of the proposed strategy to choose. Section 6 defines the comparability and sensitivity analysis which
show the logic and stability of the proposed technique. Section 7 gives a conclusion to the article.

2. Circular Complex pythagorean fuzzy weighted arithmetic mean
aggregation operators

We provide definitions of Circular Complex pythagorean fuzzy operational laws for C'r(C'-PFNs
in the following section. Following them, several aggregation (circular complex pythagorean fuzzy
weighted arithmetic mean aggregation operator (CrC-PFWAM), circular complex PiSF ordered weighted
arithmetic mean aggregation operator (Cr(C-PFOWAM)) operators based on circular complex pythagorean
fuzzy operational laws will be created.

Definition 1. [9] A CFS A is defined as:

A={(z,n(x)) | v e X}
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wheren(x) = n(z)e’?™ @) denotes the grade of complex-valued truth with a condition: 0 < n(z), w(z) <
1.

Definition 2. [12] Let X be a universal set. A complex pythagorean fuzzy set (CFFS) Ain X is defined
as

A= {(z,pz(x),vz(x)) : v € X},
where p(x) and vz(x) denote the complex-valued membership and non-membership degrees, re-
spectively, and are given by

,Ug(l') = /’Lr(x)ewu($)u VZ(!E) == Vr(x)ewl’(z)v

with
0<pn(x) <1,  0<w() <1,  pi(z)+vi(z) <1

The hesitation (indeterminacy) degree corresponding to x is defined as
ma(a) =V/I— () = () e

where 0,,(x), 0, (x),0-(x) € [0,27).

2.1 Proposed Circular Complex Pythagorean fuzzy Sets

One aim of this study is to explore the novel approach of Cr(C-PFSs and their operational laws.
These operational laws are also verified with the help of a numerical example.

Definition 3. A CrC-PFSP is defined as:
P = {(z,n(z), ¢(z),r(z)) | z € X}

. i2mnLim . 2w Lim . i2mr L im
where n(z) = ne,e” ', d(x) = P e, and r(x) = ree”" ¢ denote the member-
ship degree, non-membership and radius with the conditions: 0 < 7]%1 + gz%l <land0 < (771'021 +
2) < 1. Additionally, the term H (z) = Re*™=®) such that R = (1 — nZ, + GZ%l)l/Z and wp(x) =
(1— (2 +¢2)) 12 expresses the complex hesitancy grade of . Moreover,

i2 +im » +im i “+im .
P = (nclel O e €200 rp, €0 ) is called a CrC-PFN.

. ee . i2mnLim i2rp ™
Definition 4. Forany CrC-PFN. P, = (ng,e ="'t [ o, e """
functions are defined by

SCR) = 5 { (e + ()" — e — (68)° + (ren )+ ()" )

i2mr i
T € 1 ), the score and accuracy

and
AC(R) = { (e + () + (@ar) + (6)" + (e + () }
where SC (P)) € [—1,1] and AC (P,) € [0,1].

- 2 Him o tim N——
Deﬁnlthn 5. Let Pl = 67’ TNcy el 7‘—(1501 r e’L oL
Ncy sy PCy yT'ey ,
i2 +im 2 +im 9 +im
Py = <7}czel T pe, et re et ) be two CrC-PFNs. Then

(1)if SC (P) > SC (%) , then P, > P,
(2) if SC (Py) = SC (P,) then

(l) ’fAO(P1> > AC’(PQ),then P> Pg,
(11) IfAC (Pl) = AC (PQ) s then P1 = PQ.
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2.2 Algebraic Circular Complex fermatean fuzzy operational laws

The new direct sum, direct product, and scalar multiplication operations are defined for C'rC-PFSs
in this subsection.

. ere i +im i “+im i +im
Definition 6. Let P, = <7701«eZ T e, €0 po T ) 7
P, — i2mn i 2mpLim 2mrbim, .
» = | neye N YN 2 Tree 2 be two C'rC' -PFNs. Then we define the following

algebraic Circular Complex fermatean fuzzy operational laws:

i) PP = (1-1L(

(

[
~
—~
3
Q
,_.
~—
—~
3
Q
~ ~—
[N}
~—
~—
N|=
9]
~
DN
)
/ S

—
NI= o=

(11>P1€B2P2: ( _

(i) L&' Po= | [(L ((6c,)” + (d0.)”
(

(1 - % ((7701)2 + (7702)2) % eiQW(%<(ng1m) +(77$2m)2>)1§7
(i) P @ Po=| [(((¢c)® + (%)2))%} S EEE™) +657))
(2 ((r0)? + (e H] (e +trr)))*
1 + (

- A c)” e
(IV) "= l% (rc))\ ei?wr% (Tgim)/\
CrC-PFNs that are a part of the procedure;
1
ovs izr(a(1-(ng™)%))? i 27 (a) 3 oM
(v) POt = (a (1= (e)))" e (+(1=("))) ()2 0,562 ()26

Y

(o (1= (re)?))? 2 (-027)))

where 0 < o < 1.

iy pota = [ (2 (1= 00" -ei%(a(l_(n:mf))?,(a)% po.ctm@ o™ ) ,
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where 0 < a < 1.

“+im
+im 277

Definition 7. Let {pj = (77 e W’icrm7¢ 27, T i ) 7 =1,2, ...,m} be the collection of
C,C-PF values and let C,.C-PFW AM : Qm — Q. If

1
C,C-PFW AMy, (Py, Py, Py, ..., Py,) = ((04131)A D (bR @ (P @ ... & (a}an)*> > then
C,C-PFW AM is called a Circular Complex fermatean fuzzy weighted averaging mean operator of
dimension n., where (1 is the set of all C,.C-PF values, £ = (o, ag, ..., am)T are a weight vectors of
P, with o, € [0,1], X" a0, = 1, wherer = 1,2, ..., m.

+im 2mrdim

Theorem 1. Let {P] = (Ucﬂmm@ , b, €00 roye G > (=12, ...,m} be the collection of
C,.C-PF values. Then by using the C,.C-PFW AMFy, operator their aggregated value is also a C,.C-PF
value and

C:C—PFWAME (P17P27P37"'>Pm)

<Z (o “"CJQ)A)i % (<2 (o @z;mr)*)*)

E = (o, ag, .., an)T are a weight vectors of P, with o, € [0, 1] and ¥7"_ o, = 1,7 =1,2,...,m.

Proof. Let

. 1
apy = [ (@ 2T (1= (66,)%))* 2 00E)
127r(o¢1)§7“g”"

(al)% Te, €

and
1
1 2

1 +zm
O[ép2 — (O@) Nc,€

27 () 27]
)

(0 (1— (6e,)?)) e iz (a2 (1-(s;")"))

(a2)} e T

C€
A % 1 i\
ﬁamﬁmﬁ<ﬁmawwa),
1

(4= | -y 60

2 ((041)% re )A e’?”l% ((“1)%T3im>A
1

Then

Y
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Let suppose that the result is true for j = k.

(i) @ (adR) @ (4P) @ .. & (ol Pe))

Jj=1

VRS
]
/N
Q
o
/N
3
Qi+
N——
(V)
~~_
>/
N~
I
o
]
3
(\
1M
N
£
—
3
Q+
N——
[ V)
N—
>
N———

<Z (o (TCJ)2>A>; (B e))

1 ' k i\ 2 A
i oz; 770 A>2 .el2ﬂ<f¥1(aj<ngj ) ) )

)
N———
N———

>
N———
[

((041131)A ® (k) ® (wh) ® ... (akpk))\> @ (ps1Pisr)

(S

T'Chi1

l% ((Oékﬂ)

1 1 A ? 1 +im
3 1 i2ml” ((o41)27
l <(ak+1)2 770k+1> € ( Ckﬂ) )

S R )

1 by
A 2 +im
) €Z27rl ((al)?rckﬂ)

) T

Y

12
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Theorem 2. Let {P] = <U0j6i27rngim> Cbcj@mwgim, cheiQWC?' > cj=1,2, ...,m} be the collection of

C,.C'T-SPF values values. Then the C>C-PEFW AMp operator is defined by
C?C — PPFWAMg (Py, Py, Ps, ..., P,,)

<(§ <O‘a‘ (ncj)2>k>
(- gl eor) )

>
) SN——
|
9]
-
N
- 3
N /-~
3 7N
.
/N &MS
= 7/~
L =)
R Qf
< 3
7~ ~—
=
| N
— >
< SN—
Q.Q . M=
3 S~
~— Nl
N
~—
~—
>
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>
~
Nl

—

J]=

(15 - 0e))

E = (a1, as, ..., a,,)" are a weight vectors of P, with o, € [0,1] and 7, = 1,7 = 1,2, ..., m.

>
|
S T

Proof. Similar to the proof of Theorem 1. ]

Theorem 3. Let {Pr = <770Te"27”7$3m , ¢Crei2w¢$jm’ roTeiQ’””gim> r=1,2, .., m} be the collection of

C.C-PF values. Let E = (a1, ag, ..., am)T are a weight vectors of P, with o, € [0, 1] and ¥, o, =
. +im . +im . +im
1.If (T]Cl 612m7cl , (bcl 612W¢C1 y Toy 612mncl ’> =

13
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.. i +im i +im i “+im
Proposition 1. (nczez Ty eae® s ey e Co

_ (nCmemwngfnm,qSCme )
- (ncei%”gim, qbcew”%im, Tcemwéim’) and A =1,
then C'C-PFW AMyg (Py, Py, Ps, ..., P,,)

. +im . +im . +im
— <n0612ﬂ'nc ,¢06127T¢C ,7“06127”"0 R

—+im

i +im
2RO y e €

z27rrcm

. +im
127rrcl

)
)

i2mntim i2wpLim
Proof. Let <7701€ Ter peye ¢y ,Te, €

o i27r77+im i27r¢+im
— (77026 C2 7¢02€ C2 7TCQ

,)’

. +im
27r,
e 2

. +im . +im . +im
ne,, 6127rncm 7 ¢Cm 612ﬂ¢cm re,, ezZﬂrcm

. +im . +im . +im
7706127”70 7 ¢Cez27r¢c 7 Tcez27rrc s

with . € [0,1] and £ v, = 1, wherer = 1,2, ..., m. Based on

C,C — PFWAMg (P, P», Ps, ...

and £/ = (0417 Qg, ...

, am)T are a weight vectors of P,
Definition 7, we get

=
ol
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- u—<r—w@%ﬁ.ﬂ“ -
(( ) )l 7,27T<(T+Zm)

Theorem 4. Let {P = (n ei2mé” L pc, e

2%

™

((ne

¢+zm

C,.C-PF values Llet £ = (al, g, ...,
+zm i2ﬂ_7‘+im
1. ’f (77(;16 ng @ , IOy € (el v)
ope P27 +im +im i +im
Proposition 2. = <77026 T Cy , Pes 12790, ’r@el Ty )
1 +im ; +im +im
= (nCm GZQWT]CW 7¢C7n 6127“]507” TC‘"L 6127TTC77L ’)

C?C-PFWAME (Py, Py, Ps, ...

. +im . +im
ncezZﬂ-nC q506127“;5 , 0612777"0 7> and \ = 17 then

» Pm)

- (7706727”7;”” ¢0612W¢+1m’ ree 227r'r'+”n> )

Proof. Similar to the proof of Theorem 3

. +im . +im . +im
Theorem 5' Let {PT = </’70rel2ﬂ'ncr 7¢C’r€l2ﬂ_¢)cr ’TCTGZZWTCT > = 1; 27 ceey

C,.C-PF valuesand E = (a1, ao, ...
P, witha, € [0,1] and X7 a, =
127 min g;m
gun Ne,.e srsm )
_ <
P~ = 1<r<m
min rg, .€
1<r<m
27 max 5™
max nCT 1<r<m Cr
P+ — 1<7‘<
max 7r
T 1<r<m Cr €
1
CLC-FFWAMg (Py, Py, Py, ..., Py)

Proof. Let {P — <7]C 6227”707« ¢ ez?mbﬂm’ ro.e z27rr+zm> - 17 2’ »

PF values and £ = (ay, as, ...
[0,1] and X7 ;cv, = 1. Let

Y

Y

1271'( +”n>2)

127r7‘+”" o
,TC,€ > r=1,2,....m

am) are a weight vectors of P, with a, €

Nl

Y

(o))

Y

)

re. 6127r7‘+1m)

]

} be the collection of
[0,1)and X7t =

O

m} be the collection of

m)T are a weight vectors of

1, wherer =1,2,...,m.Let
42T max ¢éim
max e 1<r<m ~T
1<r<m ¢C ’
+im
i2r, pin &
12w max g:m
, min ¢¢, .e isrsm ,
1<r<m B
o o pkim , Where and \ 1. Then P~ <
1<r<m Cr
Y
< Pt.

m)T are a weight vectors

427 min ngim 127 max d)gim
min 7¢,.e 1sTsm , max ¢¢,.e 1=r=m
- 1<r<m 1<r<m
P~ = z27rlém£1 rgim
min r¢,.e r<m
T1<r<m
i27r ax +im 127 max ¢+””
o[ e R min o, o
PT = 7,27r12na<x TJ’;T"
s 1méiX re,..€ =r=m 5
<r<m

m} be the collection of C,C-

of P.,wherer = 1,2, ....m with o, €

Y
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2
where and \ = 1, we get (1¢,)° < (lgla%x UCT) wheret = 1,2, ..., m. Then we have o, (1)¢;,)°

1<r<m

2 m m 2 m
a, ( max T]CT> _Thisimpliesthat 3" o, (¢,)* < 3 a, (f?aéx T]CT) thenwe have, 3 o, (17¢,)’
r=1 Sr=m

2 m 2
< max TZCT) 3" «, Thisimpliesthat 3 o, (¢, ) < ( max 77&) and this implies that (

1<r<m r—1

max 7n¢.. Hence
1§7”§mnc7

r=1

N|=

1<r<m

r=1

r—1 1<r<m

m 9 2
(Z a, (nc,) ) < [max 7c, . Also

(Z o, (mir) 2) < max n2". This implies that
r=1

e <e

2
On the other hand, we get (Cbcr)z > ( min ¢c) . This implies that — (¢CT)2 < — ( min ¢¢

also 1 — (p0,)? < 1— ( min g

1<r<m

1
12 - im\? 2 .
sr(Get))’ g

<

im

2 U .
<§)%@$f)af4§ﬁ@$ﬂ
r=1

im 127 max ZCT';‘
max 7 .e srsmoh
1<r<m

1<r<m
2

Q. (1 — (éc (u))Z) a, (1 — (%T)?) < a, (1 — ( min ngC) ) then we get,

Qy (1 - (¢C7‘)2)

<

1<r<m

2
ar <1 B <1g11”i<nm¢c) >

Z%u4mﬁ£Z%G—Q%W
r=1 r=1 o

r=1

i Ay (Uct )2

r=1

1<r<m

))

éar (1-(¢c,)?) < (1 - (1gi<nm¢c) 2) ;ml%
_ TZ:&T (1= (¢c,)) > - (1 E (1ggnm¢c) 2)

1— ;ar (1- (¢Cr)2) z1- (1 B (1g}«i§nm¢c

1— ZO‘T (1- (qbcT)Q) > (lg}‘ignmqu)

(1 — i Qy (1 - (¢Cr)2)> 2 = 1gi§nm¢c

))

, where, 7 = 1,2, ..., m. Then we have o, (1 — (¢, (u))?)

2
) and

<
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—1 1<r<m

Also (1 - > (1 — (é¢,) 2)) > min ¢¢. This implies that

ozr 1 — gbcr ) min ¢¢. Also

(1 B 7;1 T 1<r<m

(1 - > o (1 — (g 2)) 1Em<n ¢&™. This implies that
r=1 m

27| 1— 3 ar +im i27 min oL

e ( = ( ~(98") >> > 62 187 . Thus

(1 - Emj o (1- (¢>cr>2)> t (g e (eE))”

2w min ¢, im

> InlIl C- e 1<r<m
- 1§r§m¢

1<r<m

On the other hand, (r¢,)? < (max re, ) where t = 1,2,...,m. Then we have 7, (¢,)* <

2 m 2 m
T (fgléix ne, > . This implies that Z a, (re,)? < E < max 7¢, ) thenwe have, " o, (r¢, ) <

r=1 1<r<m r=1

2 2 m i
< max TCT) Z a, Thisimplies that Z a, (re,)? < (1I<naéx 7"@) and thisimplies that (Z a, (re,) ) <

1<r<m r=1 r=1 r=1
max rg,. Hence
1<r<m

Ms

1
2
2
a, (re,) ) < max rc, Also

(

(£ a6

[y

3 |l

[\
N——
N

< max rg. This implies that

1<r<m

y 3
127r E ar Tct

3

im
12T max ’I’CT

<e 2= Thus

1 m
(Z o, (reh) )2 .em(r;%(ﬁcrz)z)

12T max T‘CT‘

< maxrc .e lsrsm
1<r<m "

[N

Based on Definition ?? and Definition 7, we get CrC-PFW AMg (Py, Ps, Ps, ..., P,,) < PT. Sim-
ilarly, we can have C'C-PFW AMg (Py, P, Ps, ..., P,,) > P~. Finally we get,

P+ ZC:C_PFWAME(PMPZ)Pi%7Pm) ZP—

O
Theorem 6. Let {P = (T]C 2" b 290G o e 12’”"+m> r=1,2, .., m} be the collection of
C2C-PF values and E = (ay, o, ..., am) are a weight vectors of
P, with o, € [O 1Jand X7 o, = 1, wherer =1,2,...,m.Let
_ i27  min ngim 127 max qbg;m 427 min réim
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127 max é;m 127 max qbé.im
max 7g,.e Srsm min ¢¢,.e srsm

pt — 1<r<m "1<r<m ’

tim , whereand \ = 1. Then P~ <
2T max 1

< C,
, min rg..e  srsm T
1<r<m

C?C-FFWAMg (P, Py, Ps, ..., P,,) < PT.
Proof. Similar to the proof of Theorem 5. ]

. +i . “+im +im
Theorem 7’ Let {Pr = <nCT€1’27TnC:<m (b 'relQﬂ_(bcr 7rCTeZ27rT > . r — 17 27 ceey m} and

{ Pr = (n*crei%ngim*,¢*Crem¢+m*,r*crem%:m*) r=1,2,..., m} are two collections of C,.C-PF
values. If ne, < ng , net < i, o, > b, dE > O re, < g, and i < rg™ where
r=1,2,..,m, then C'C-PFW AMp, (P,, P, P, ..., ) < C'C-PFW AMjp (Pf, P} Py P,
Proof. Given that P, = <770 2" | e, M85 ,TC, elQWJr"n) and

Pr = (77* ei2mnéy" ,¢*CT612“%1’”* e, oi2mr )" ) are two collections of C,C-PF values, where
r=12...m e, < g0l < 0dt e, = 66, G = ¢ re, < ré s and gt < g then

(ne )2§( ).Aswehave

(ne,)* < (n5)”
= Oy (776%)2 < a, (77&)2
= (a0 (ne.)’)" < (o (n2)°)

>

VR
NE
—
Q
3
=
Q
o
SN—"
>
N~
VA
VR
NE
—~
Q
3
—~
]
Q
N—
[}
~——
>
~
>l
NI

Thus

Further,

(]
/N
Q

g
—~
3@
23
=
=
[\
N——
>
IA
/N
o
k
—
3@
3
*
=
SN—
[\
N———
>
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+ (Blewer)) = (E )

((i ") ) ((Zml (o (UZ?*)Q)A>§) )

Hence

From (i) and (ii)

Now
(6c,)* > (ﬁb*cr)Q
= —(pe)? <~ (05,)
= (1-(¢c)’) < (1 - (%r)Q)
= a, (1-(¢¢,)’) Sar<1_( C)2>
= (o (1= (¢0)?)" < (ar (1= (02 )2)>A
Then we have
3 o (1= (60)%)"

IN
VS
=

S
VS
—
|
—
-
Q
N~——
N
N—
N——

- S >A2—§;<%<1—<¢c>2>f
=Y o >A>1_i<ar<1_(¢c>2))*
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Also

IA
ANgE
<
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Thus )
1\ 2
2 (

Further,

Hence

From (i) and (ii)
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Thus, from (A) ,(B) ,(C) and (D), we have

IN
/N
7 N
—_
|
NgE
o S
3 NGE
S —
—_
o
| S
—~
> P
Q*
S
3 i
~ [

) ~—
~— .
N— N—
\_/y >

e SN—

v M‘H
N[ ('0
-
. ]
® B
<
v
3 —
— N
— i\
~~
= —

- £

13 =

— a+

o A
3 S
VS
\/
[ V)
—~ ~—
~ >
Q+ ~
3 3 S
3 ~
SN— o=
N [
N— ~
>
~_
.
N————
[V
—_—

N L ((§< (+im*>2>>‘)i) %]
m )\ Y 3 14T = Oy TCT‘
(&))<
Hence CrC-PFW AMEg (P, Py, Ps, ..., Py,) < CrC-FFW AMg (Pf, Py, P;, ..., P}). OJ

“+im

Theorem 8. Let {PT = <770Tei2”7’53m b0, €20 ro 2T ) r=1,2,.., m} and

. +im* +imx . “+imk .
{ Pr = (n*crel%ncr , e, €PTOe Tk, BT ) r=1,2,. .,m} are two collections of C,.C-PF

values. If ne, < ng , nd < &>, ¢c, = O, O erre, > g, and rgt > @™ where
r=1,2,...,m, then CEC-PFWAME (P, Py, P, ..., ) < C’2C -PFW AMg (Py, Py, Py, ..., PL).
Proof. Similar to the proof of Theorem 7. O]

Definition 8. Let { P. = (T)creﬁ’r”gim, b0, 28" e e ’2’”"Hm> r=1,2,.., m} be the collection of
C,.C-PF values and let C*C-PFOW AM : Q™ — Q, if

CIC-PFOWAMp (P, Py, Py, ..., Py) =

1

((041135(1))A ® (Ps) @ (asPz) @ .. @ (oémP(;(m))A) * then C1C-PFOW AM is called a
Circular Complex fermatean fuzzy ordered weighted averaging mean operator of dimension n, where
(0(1),6(2),...,0 (m)) is a permutation of (1,2, ...,m) such that Ps,_1y > Py for all v, 1 is the
set of all C,.,C-PF values, E = (a1, ag, ..., am)T are a weight vectors of P, w:th a, € [0,1] and
Yo, =1, wherer =1,2,....m.

Theorem 9. Let P, = (770 ei2mne” ,dc, 2" ,TC, ¢27E™ ) pe the collection of CrC-PF values,

wherer = 1,2, ..., m. Then by using the C,C-PFOW AMF, operator their aggregated value is also a
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ClC -PF value and
C,}C - PFOWAME (Pla P27 P?n 7Pm)

(£ () )) |

N s
( ))) e ((E(C))) )

NJE
[N}
S
[}
3
S
3
itz
VRS
Q
3
VRS
3
Q+
[
33
N——
N
N———
>
N——
M=
N———
[N

>
[N
4]
-~
N
)
/
/N
T
5
i
S
Q
3
/—\
/_\

NIE

. (11

=

2 (a

. 9
r=1
where E = (a1, as, ..., ay,)" are a weight vectors of P, with a, € [0,1] and =", «, = 1, where .
Proof. Similar to the proof of Theorem 1. O]

Theorem 10. Let P, = <170r ei2md,” gbcTemwgim, re, ei%"gim> be the collection of CrC-PF values,
wherer = 1,2, ..., m. Then C?C-PFOW AMj, operator is defined by

C?C — PPFOW AMpg (P, Py, Ps, ..., Py,)

(£ (%MTQQ)A)i oW |

[ V]
-
N
3
/
73 N
[I\gE
VR
Q
S
T~
3
Q+
SR
3 3
~
V)
~—
>
~
P
~_
N—

<

I
VN
—
|

NJE
N
Q
Ry
7 N
/N
<
&
z
N——

)
N——
N

>
N—
>
NI
&h -~
)
3
/-~
/N
T
I
/N
S
/—\
A
©
Q+
SRS
Ok
~
V)
~—
N~
>
~
S
~
¥l

r=1
1
1N 2
1 m 2\\ M\ *
) Ay ) ((E(( () ) )
1-> (ar (1 — (Tcs(r)) )) e .
r=1
where E = (a1, ag, ..., an)T are a weight vectors of P, with . € [0, 1] and XI'_, . = 1, where .
Proof. Similar to the proof of Theorem 1. O

Theorem 11. Let {P — (770 2" b 296" e e’zwgim) cr=1,2, ..., m} be the collection of
C,C-PFvalues. Let £ = (aq, g, ..., am) are a weight vectors of P, with o, € [0, 1] and X", a, =

1. ,
If (7701 .ei27r[ngi ] ¢ 6127r[¢“cj;m] e, .ezQW[ngim]

= (a8, o, o8 Y =

zZTrnélm
m " m

/N
P
3
m&
3
3
Q
3
S
3
m@
3
<
Q
3
<
Q
Cb
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. +im . +im ; +im
= (no.eﬂm’c , Gee?™ e oo ) and \ = 1, then

ClC-PFOW AMg (P, P>, P, ..., P,,) = (Uc-ei%% ¢06227r¢+1m’ re. ez27rq7+zm> ‘
Proof. Similar to the proof of Theorem 3. ]

Theorem 12. Let {P "= (Ucremnm e, €208 e, 6’27”"“7”) r=1,2,..., m} be the collection of

C,C-PFvalues. Let E = (aq, ag, ..., am) are a weight vectors of P, with . € [0,1] and ¥, v, =
1.
If (nCH 'ei2ﬂ-[ ] ¢ 612 [d)ﬂm] y Ty 'eiQﬂ-[ngim]>

_ <n02.ez27r[n02 ] ¢ 612ﬂ[¢+1m],TCQ.GiQW[ng;m]>

_ (770 eimmgjn o, e 2mpLi™ ro ez‘zmcj‘nm>
m"* 9 Y m"*
. +im . im . +im
= (nc.eﬂm’c L bei2mE . ei2me > and \ = 1, then

C?C-PFOW AMEg (P, Py, Ps, ..., Py,) = (T’C‘eﬂﬂngim’ QSCeiQﬂ-d)gim, re. 622ﬂn+zm> '
Proof. Similar to the proof of Theorem 3. O

Theorem 13. Let { P = (ncrei%néi e, € oG Tcrez'zngj”) r=1,2, ..., m} be the collection of

C,C-PFvaluesand E = (o, ag, ..., am) are a weight vectors of P, with o, € [0,1] and X", cv,. =
1. Let
p z27r1é1’1i£1 77107: ¢ 127r1£na<x ¢ZC": ’L27T1£l’11£1 ré,T d
= min srsm max srsm min r rsm an
1<r<m e -€ "1<r<m Cr-© " 1<r<m Cr-©
27 max ZC”: 127 min ¢7“C”: 27 max rlc”;
Pt = maxng,.e '==m"" min ¢g,.e == 77 max rg.e  Stsm ,Whereand A = 1.
1<r<m 1<r<m 1<r<m

Then P~ < C,}C'PFOWAME (P1>P2>P37"'7Pm) S I

Proof. Similar to the proof of Theorem 5. OJ

Theorem 14. Let {P = (770 ey , 0, e 2m 9" .TC, eZQ’T”“m> r=1,2,.., m} be the collection of

C,C-PFvaluesand E = (ay, ag, ..., am) are a weight vectors of P, with o, € [0,1] and X" a, =
1. Let } .
427 min nzc.“: 127 max ¢ZC”: 127 max TCT
P~ = | min ne..e 1sr=m max ¢c,.e =rsm " max rg,.e lsrsm and
1<r<m "1<r<m 1<r<m
127 max nzc"rl 427 min qﬁZC”: 427 min TCT
Pt = (max Ne,.e 'srsm min ¢c..e =™ T min re..e  1STsm ,
1<r< 1< <m 1<r<m

where and A = 1. Then P~ < C*C-FFOW AMg (P, P, Ps, ..., P,,) < PT.

Proof. Similar to the proof of Theorem 5. ]

Theorem 15. Let {P = (770 G2mE" | b, 2" e, mrﬂm) cr=1,2, ...,m} and

{P: = (77 e g G 612”’“+lm*> r=1,2,... } are two collections of C,.C-PF
values. If ne, < ng et < nE, do, > O qﬁ“” > ¢E* re, < rg o, and i < rgt* where r =
1,2,...,m, then O}C-PFOWAME (P, Py, P, ..., Py) < C}C’ PFOWAME( , *, 3,...,P;;)
Proof. Similar to the proof of Theorem 7. O
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“+im +im

Theorem 16. Let {Pr = (ncrem"gim, dc, €m0 g, e ) cr=12,.., m} and

{P;k = (n*orem”gim*,(baeizmgim*,r*creiz’”gm*) cr=1,2, .., m} are two collections of C,.C-PF
values. If njc, < 1, , ey < 0", do, = O, 9F = 98, ro, 2 e, and gy > rE” wherer =
1,2, ....m, then C2C-PFOW AMy, (P1, Py, Py, .... o) < C2C-PFOW AMg (P?, Py, Pf, ..., )

Proof. Similar to the proof of Theorem 7. ]

3. Circular Complex fermatean fuzzy weighted geometric mean ag-
gregation operators

Here, we provide some new geometric aggregation operators, complex interval valued C,.C-PF
weighted geometric mean aggregation operator (C.C-PFWGM) and C,.C-PF ordered weighted geo-
metric mean aggregation operator (C,.C-PFOW G M), using the suggested operations.

. el . +im . +im . +im
Definition 9. Let {Pr = <TICT€Z27WCT e, €200 re PTG

C,.C-PF values and let C.C-PFOWGM : Q™ — Q. if
CLC-PFWGMp (P, Py, Py, o, P) = (PE) @ (PP2) @ (PE) @ (Pem))  then
C,C-PFWGM is called a Circular Complex fermatean fuzzy weighted geometric mean operator of

dimension n, where 2 is the set of all C,.C-PF values, £ = (a1, ao, ..., am)T are a weight vectors
of P, with o, € [0,1] and X . = 1, wherer = 1,2, ..., m.

> r=1,2, ...,m} be the collection of

. +im . —+im - +im .
Theorem 17. Let {PT = (ncreﬂ’r%r P, €0 re e ) 1 =1,2,...,m  be the collection of

C,C-PF values. Then by using the C,.C-PEF'W G Mfp, operator their aggregated value is also a C,.C-
PF value and

e C}C—TSFWGME (P17P27P37”'7Pm)

<(1 =3 (o (1 <ncT>2>>A) i) | .(f”K(l‘é(ar(l‘("gmf) )A)i) ] ,

Nl

r=1

- ((i (ar (6,)%)

r=1

(L <1<rc,>z>>*)i)5f[(<liw%ﬁﬂﬂfﬁ)

where £ = (a1, ao, ..., an)T are a weight vectors of P, with o, € [0,1] and ¥XI'_ ., = 1, where
r=12..,m.

Proof. Similar to the proof of Theorem 1. OJ

Theorem 18. Let {PT = (nCTeiQ’mgim, e, 205" rcreiz’”"éim> r=1,2, ..., m} be the collection of

C,C-PF values. Then by using the C,.C'-PFW G Mg, operator their aggregated value is also a C,.C-
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PF value and

= C?C —-TSFWGMg (P, Py, Ps, ..., P,)

( <1 e (%f)y) ;) : .em[((lgl(ar(l<nz::m>2>>x>A |

r=1

|=
SN———
Nl
1

1
1\ 3
5 0] oo ((2 (o 0)?) ) )
A r=1
<Z1 (ar (re,) ) ) e
where E = (aq, ag, ..., o)’ are a weight vectors of P, with o, € [0,1] and ¥"_,c, = 1, where
r=12,..,m.
Proof. Similar to the proof of Theorem 1. OJ

Proposition 3. Let {Pr = (770,,,612”’7537”, e, 25" rcre””gim> cr=1,2, ..., m} be the collection

of C,C-PF values. Let E = (ay, ao, ..., am)T are a weight vectors of P, with o, € [0,1] and

o, = 1. ‘ _
If (7701 eiQanima ¢Cl ei27r¢>§;’" yI'eq 67;27”%17”

2 tim i2np ™ i2mr L™
<7702€ e ) ¢C’2€ ¢C2 y I'cy€ ©2

2rplim re ez'zmgj:’>

m

— 2mn5im
- (ncme cm 7¢C‘"L6

: +im . +im . +im
— (ncezQﬂnc 7qboewmzﬁc 7TC€Z2WTC > and \ = 1 then

CjC_PFWGME (P17 P27 P37 ceey Pm> = (nceiangim7 gbceizw‘ﬁgim’ TceiQﬂ"I‘gim) )

Proof. Similar to the proof of Theorem 3. OJ

+im

Proposition 4. Let {PT = (ncre”’r”gim, gbc,,emd’éim,rcre”’”"cw- ) r=1,2,.., m} be the collection
of C,C-PF values. Let E = (aq, ao, ..., am)T are a weight vectors of P, with o, € [0,1] and
o, = 1. . ‘
If <7701 eZQTngm? (bCl €i2ﬂ¢gima rey eiQﬂ-Tgim =
+im +im

i2mnLim i2 i2
<n02€z G agbC’zel W¢C2 7T02€l " = .-

. +im . +im . “+im
= (nc'nLeZQﬂ-nC"L 7¢CTVL6/L27T¢ Z27TTC"L )

Cm s ’]"Cme
: +im . +im . +im
— (ncezQﬂ'nc 7¢C6127r¢c ,TCGZQWTC > and \ = 1 then

CrC-PFWGMp (Py, Py, Ps, ..., Py) = (”Ceigﬂngm, ¢cei2“¢$w,rcei2”$im) .

Proof. Similar to the proof of Theorem 3. OJ
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Theorem 19. Let {PT = (Ucremngim, d)creﬂwgim,raeﬂ”gim) r=1,2,.., m} be the collection of

C.C-PF valuesand E = (ay, as, ..., oy,)" are a weight vectors of P, with o, € [0,1] and 27, v, =
1. Let
127r|: min éim} 7,271'[ max ¢+””]
I<n1n 770 e 1<r<m , I<IlaX ¢C e 1<r<m ,
_ < <
P — 1<r<m 1<r<m and
27| min Térimj|
min rg,.e Lsrsm
1<r<m
z27r[ max gim z27r|: min qbgim
I<nEiX /’70 e 1<r<m , £nl<n gbc e 1<r<m ,
pt = | lsr=m L _ ,whereand \ = 1. Then P~ <
z'27r{ max T+:m]
max rg,.e LUsrsm
1<r<m
C,}C’ — PFWGMg (P, P, Ps, ..., P,) < PT.
Proof. Similar to the proof of Theorem 5. O]

Theorem 20. Let { P.= (17&697”73 L po, e o5 Tcrenmgjm) r=1,2,.., m} be the collection of

C,.C-PF valuesand E = (ay, ag, ..., am) are a weight vectors of P, with o, € [0, 1] and ¥, o, =
1. Let
’L27T|: min néim:| 127r[ max qﬁéim]
min 7¢,.e Usrsm 7" 10 max ¢C . Lisrsmo Tl
_ <r< <r<
P = 1<r<m 1<r<m and
z27r[ min Téim]
max rg,.e L'srsm
1<r<m
z27r[ max ngim} 127r|: min d)""”"]
max 7c,.e  Lsrsm , min ¢¢ .e Lisrsm ,
<r< <r< _
pt = | lsrsm lsrsm ,whereand A\ = 1. Then P~ <
127r|: max rgim]
min rg,.e Lisrsm
1<r<m

C2C — PFWGMg (Py, Py, Ps, ..., P,) < P™.

Proof. Similar to the proof of Theorem 5. OJ
Theorem 21. Let {P — <770 6227”707" gb 6127r¢+2m rC, 6z27rr+zm> R 1’ 27 » m} and

{ P¥ = (ﬁaﬁm%’“ 7¢*Cr@’2”¢+m* p ”“’"éfm*> = o m} are two collectionsof C,.C-PF
values.

If fne, < ng, net < nE, o, > O, OF 2 o re, < 1, and rgt < rg™ where r =
1,2,....m, then C.C- FFWGME (P, Py, Ps, ..., P,) < CC — PEFWGME (Pl*,P;,P;, P
Proof. Similar to the proof of Theorem 7. O]

Theorem 22. Let {P = (770 2" e c2mod," e

. +im
€Te, ) r=1,2, ...,m} and
. 7 +im* . * .
{ P = <n*crez27rncr L pe P00 »T*CT‘BQMCT ) r=1,2,... m} are two collections of C,.C-PF

values. If fne, < né ,nit < nd™, dc, > o, ,gb > ¢ re, < e and rEt < @™ where r =
1,2,...,m, then C,C-PFWGMEg (Py, Ps, P, ..., ) < CQC PFWGMEg (Pl"‘,P;,P;, P
Proof. Similar to the proof of Theorem 7. OJ

Definition 10. Let {Pr = (770 2" G, 208 v, em%m> cr=1,2, ...,m} be the collection
of C,.C-P values and let C,.C-PFOWGM : Q™ — Q. if
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A A A A\ X
C,C-PFWGMg (P, Py, Ps, ..., P) = ((P(Sf‘f) ® (Pg?;)?) ® (ngf) ®..® (Pg?gm) )
then C,.C'- FFOW G Mg is called a complex interval valued g-rung orthopair fuzzy ordered weighted
geometric operator of dimensionn, where (6 (1) ,6 (2) , ..., 0 (m)) is a permutation of (1,2, ..., m) such
that Psi._1) > Pj for all v, (Y is the set of all C,.C-PF values, E = (o, as, ..., am)T are a weight
vectors of P, with o, € [0, 1] and X", v, = 1.

im +im

Theorem 23. Let {PT = (ne, ™™ | pe, €290, ,rCTeiQ’”gim> cr=1,2, .., m} be the collection of
C,C-PF values. Then by using the C,.C-PFOW G MF, operator their aggregated value is also a C,.C-
PF value and

C}C — PFOWGMg (P, Py, Ps, ..., P,,)
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()Y [T

[N]] >l
N}
-
)
3 <
¥
S
/; ~~ —
&MS /?
/Q\ . |
B J‘MS
o —
Ql )
o e )
<3 o
SN —_
= |
~_ S
~ Ql
N— o s
> 33
N—— NG
M= N
N— N—
~_
>
~—
M=
~
ol

>
rol—
~
N
3
/
N
T
<
iz
I/~
Q
5
I/~
|
N
3
Ql
[STIEN
33
~——

o
N~
——

>
N—
M=
N—
[V

1 ‘ 1
m 2 A
1= (o (1= () ) ) ) ,
( 7;1 ( ( 05 sy
where E = (a1, ag, ..., an)T are a weight vectors of P, with . € [0, 1] and ¥7_, v, = 1.
Proof. Similar to the proof of Theorem 1. ]

Proposition 5. Let {Pr = (ncrem”gim, gbcreizwz‘im, rcTeiQ’”"Cim> r=1,2, .., m} be the collection

of C,C-PF values. Let E = (aq, ao, ..., am)T are a weight vectors of P, with o, € [0,1] and
Xmion = 1.

If (7701 ei2ﬂnéim7 ¢Clei2w¢gim’7a01ei2wr?}im> _

_ (770262‘277@3’”, %26@-2”4%;’”’ Tcgez'zmg;m> _

_ (Ucm 62%7;;77 e, ei27r¢g:;n7 r, eiznrcjnm>

= (ncem%im, poei2m®E™ rce”m"éim) and \ = 1, then

C!C-PFOWGMg (Py, Py, Ps, ..., Py) = (ncei%né”", boe2moE™ rceiQnré””) '
Proof. Similar to the proof of Theorem 3. O]

Proposition 6. Let {P,, = (ncrem”gim , (,bcrem%im? ,rcre”’”"gim> r=1,2, .., m} be the collection

of C.C-PF values. Let E = (a1, ag, ..., am)T are a weight vectors of P, with a,, € [0,1] and
Z;.lelar = ]_.

19w Him 2 Lim 2rrtimy
If (7]016 e 7¢C1€ < ysTe, € <1 -
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i +im i +im i
- (anez e, 7¢Czel TrquQ y T'Cy el o

. +im i +im i im
_ (ncmez%mcm ’¢Cmez oG, >TCmeZ LI )
+im

. +im . . +im
= (770622’”70 L Pee?™ P rpei?tre ) and \ = 1, then

CRC-PFOWGMp (Py, Py, Py, ... ) = (UCGiZmFm, poe2m?E™ Tceﬁ’"’gim) :

Proof. Similar to the proof of Theorem 3. O]

—+im

Theorem 24. Let {Pr = <ncreizﬂnéf.m, bc, 2™ re, eiQWTgim> r=1,2,..., m} be the collection of

C,.C-PFvaluesand E = (ay, ag, ..., am)T are a weight vectors of P, witha, € [0,1]and X7 ;. = 1,
wherer = 1,2,...,m. Let

. i27r|: min n+im} B 1271'[ max ¢+im]
min ne,.e  Usr=n " 1 max ¢p e bsrsm ]
- 1<r<m ' " 1 <r<m Cr
P~ = == T _ and
. 2271'{ min Tg:m:|
min ;,aC e 1<r<m
1<r<m
i27r[ max gim . i27r|: min qbz.im
max 7g,.e Lsrsm , min ¢¢,.e Lisrsm ,
+ 1<r<m 1<r<m . —
Pt = _ ,Wwhereand A\ = 1. Then P~ <
i27r{ max Tgim]
max rg,.e Lsrsm
1<r<m
C’,}C’ — PFOWGMg (P, Py, Ps, ..., P,,) < PT.
Proof. Similar to the proof of Theorem 5. O
. +im . +im i +im .
Theorem 25. Let {Pr = (ncTem%r L pc, €27 re e2TTOr ) r=1,2,..., m} be the collection of
T . .
C,.C-PFvaluesand E = (aq, ag, ..., ay,)" areaweight vectors of P, with o, € [0,1]and ¥ ;. = 1,
wherer =1,2,....,m.Let
. i27r{ min ngim} B i27r[ max g:m]
min 7¢,..e Lsrsm max ¢, .e Lisrsm
_ 1<r<m ' " 1 <r<m Cr ’
P~ = == T _ and
i271'|: min rg;m}
max rg,.e Lsrsm
1<r<m
i2ﬂ'[ max n5im . i27r[ min ¢Lm
max 7c,.e U= o min gc,.e L=l
pt = | lsrsm lsrsm- ,Whereand \ = 1. Then P~ <
7;27{ max 7“+'””]
min rg..e Lisrsm T
1<r<m "
C’,?C’ — PFOWGMEg (Py, Py, Ps, ..., P,) < PT.
Proof. Similar to the proof of Theorem 5. O

“+im +im

Theorem 26. Let Let {Pr = (nCTeiQ’”?gim, be, €270 re, e2er ) r=1,2, ..., m} and

{ Pr = (n*orez‘%ngjm*’ o e¢2n¢cjm*,r*aei2ﬂcim*> r=1,2,.., m} are two collectionsof C,.C-PF
values. If f e, < n¢ , ni < n&™, o, > o8, & > ¢F* re, < g, and rgt < @ where r =
1,2,..,m,then C'C-PFOWGMGE (P, P, Ps, ..., P,) < C'C—PFOWGMEg (P}, Py, P}, ..., P’) .
Proof. Similar to the proof of Theorem 7. O]

“+im “+im

Theorem 27. Let Let {PT = (naenmg;@, b e*Tcr re e ) cr=1,2, .., m} and
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+im* “+im*

. +imx . . .
{P: = (n*crem%r , b €700 g e ) cr=1,2, .., m} are two collections of C,.C-PF

values. If f e, < g, 1 < nE b, > 0F,. O > G rc, < 15, and i < v where r =
1,2, ...,m,then C2C-PFOWGMg (P, Py, Ps, ..., P,)) < C2)C—PFOWGMp (P}, P}, P, ..., P%) .

m

Proof. Similar to the proof of Theorem 7.

4. MADM Technique using WASPAS METHOD based on Circular Com-

plex fermatean fuzzy Enviroment -

Based on the evaluations of certain experts in the field of decision-making attributes, MADM
(Multi-Attribute Decision Making) is considered a crucial method for selecting an option from a range
of appealing alternatives. The decision-maker consistently aims to follow the most effective and ratio-
nal course of action, making MADM particularly valuable in practical scenarios. Therefore, choosing
the right decision-making approach is vital, and different techniques should be employed depend-
ing on the context. The WASPAS method, originally introduced by Zavadskas et al. [20] , focuses on
proximity to the ideal solution.

4.1 WASPAS method

In this section, we construct a WASPAS methodology, including the following key steps:
Step 1: For each expert (G, the decision matrix is defined as

(k) _ (k)
Q= (r),..

where Pz-(jk) represents a C,.C'T'-SF value.
Step 2 : Two categories of attributes, such as cost and benefits, are included in this procedure.
Normalized the decision matrix to convert costs into benefits based on the following formula:

. +im . +im . “+im . .
e, e2™er  pe, €200 e e Ter for benefit attribute P,

T

ko

+im

. . +im . +im .
re, €2 bo €T e e2Tey for cost attribute P,

Step 3: Determine the weight vector w,
weight vector:
w, € (0,1)

Normalize the weights so that their sum equals one:

w,

Wy =
ZTZI Wy
Thus, the obtained weight vector satisfies

k

ZwT: 1.

r=1

Step 4: Group Decision Matrix Using the C,.C'T'-SFWAM operator, the aggregated group matrix is
P& = C,CT-SFWAM (125.1), . ,123”) .
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The score function of AM is defined as
1 A , A
Sc(AM) = Sc(F;) = 3 (ne,)? + (E)? = (¢¢,)? — (687 + (re,)? + (rdh)?]

Step 5: Group Decision Matrix
Using the C.CT-SFWGM operator, the aggregated group matrix is
PO = c.er-sFwaM (P, YY)

The score function of GM is defined as
Se(GM) = Se(P) = ¢ [(ne)? + (1 — (6 — (G5 + (e, + (2577,
Step 6: WASPAS Aggregation
The WASPAS score for alternative C; is computed as
Qi = B Sc(AM;) + (1= ) Se(GM;), B0, 1],

Step 7: Ranking of Alternatives
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Algorithm 1: WASPAS method for ranking alternatives

Input: Group decision matrix G = [g;;], criteria weights w;, parameters A and
Output: Overall relative significance value (); and ranking of alternatives

© 00 N O Otk W NN

[ T T
=~ W NN = O

—_
t

16
17
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20
21

22

23
24
25
26
27
28
29

Step 1: Construct the initial group decision matrix G = [g;;]
fori:=1tomdo
for j :=1tondo
obtain the performance value g;; of alternative x; under criterion C);
end for
end for
Step 2: Normalize the decision matrix
fori:=1tomdo
for j :=1tondo
compute the normalized value g;;
end for
end for
Step 3: Determine the weight vector of parameters w;
generate random values w; € (0,1)fori =1,2,...,k

normalize them as w; = kwirw such that Z;“:l w; = 1
i=1 Vi
Step 4: Compute Arithmetic Mean (AM) scores Sco(AM )

fori:=1tomdo
compute C,.CT-FFW AMg (G1 (C’ij)PT e (C’ij)PT e (Ci]')PT)
and compute Sco(AM)
end for
Step 5: Compute Geometric Mean (GM) scores Sco(C,CT-FFW GMEg)
fori:=1tomdo
compute C,CT-FFWGMEg (Gl (Cij)P” \Gla (Cij)PT R—es (Cij)P")
and compute Sco(GM)
end for
Step 6: Compute the WASPAS aggregated score @);
fori:=1tomdo
compute Q; = 3 Sco(AM) + (1 — ) Sco(GM)
end for
Step 7: Rank the alternatives
rank all alternatives x; in descending order of Q);

5. Large-Scale Urban Traffic Signal Optimization Under Uncertain Con-

ditions

Urban transportation networks are inherently complex, dynamic, and uncertain systems charac-
terized by fluctuating traffic demand, unpredictable driver behavior, weather variations, incidents,
and incomplete sensor information. In large-scale metropolitan environments, traffic signal control
plays a central role in regulating traffic flow, minimizing congestion, reducing travel time, lowering
fuel consumption, and mitigating environmental emissions. However, conventional signal optimiza-
tion methods often rely on precise numerical inputs and deterministic assumptions, which limit their
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effectiveness under ambiguous and uncertain traffic conditions.

In real-world scenarios, traffic parameters such as vehicle arrival rates, queue lengths, turning
movements, pedestrian flows, and incident probabilities are frequently imprecise or partially known.
This uncertainty necessitates advanced mathematical frameworks capable of modeling vagueness,
hesitation, and complex-valued information simultaneously. To address these challenges, Circular
Complex ¢g-Rung Orthopair Fuzzy Sets (CCq-ROFS) provide a powerful representation tool that cap-
tures both membership and non-membership degrees with enhanced flexibility, while also incorpo-
rating circular and complex-valued characteristics suitable for periodic and phase-dependent traffic
phenomena.

Within this framework, traffic intersections are treated as decision nodes in a large-scale network,
where multiple conflicting objectives must be optimized simultaneously, including delay minimization,
gueue stabilization, throughput maximization, and fairness among traffic streams. The integration of
Intelligent Hybrid Machine Learning techniques further strengthens the system by enabling real-time
traffic prediction, adaptive phase timing adjustment, and data-driven optimization. Machine learning
models analyze historical and real-time traffic data to forecast congestion patterns, while the fuzzy
decision system manages uncertainty in multi-criteria decision-making processes.

The synergy between CCg-ROFS-based uncertainty modeling and hybrid machine learning-based
predictive analytics results in a robust, adaptive, and scalable traffic signal optimization strategy. This
approach enhances resilience against traffic variability, improves network-wide coordination, and sup-
ports sustainable urban mobility in large-scale urban environments. Table 2 provides a detailed de-
scription of the decision criteria and candidate alternatives for traffic signal control.Fig. 1. Comprehen-
sive framework illustrating the key criteria for urban traffic signal optimization in large-scale networks.
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Table 2
Evaluation Criteria and Alternatives for Traffic Signal Control Systems

Criteria Alternative Description
A Average Vehicle Delay: Mean waiting time per
vehicle at intersections.
C,:Traffic Efficiency A, Queue Length: Maximum or average queue
length at each signal phase.
As Throughput (Traffic Volume): Number of vehi-
cles passing per cycle/hour.
Ay Travel Time: Total time taken to cross the inter-
section or corridor.
As Level of Service (LOS): Performance classifica-
tion .
Ag Fuel Consumption: Fuel usage due to stop-and-
g0 movement.
Ca:Environmental A, CO, Emissions: Environmental impact of traffic
congestion.
Ag Air Quality Index Impact.
Ag Noise Pollution Level.
A Accident Rate.
Ay Pedestrian Safety Index.
C;:Safety
A Emergency Vehicle Priority.
A3 Conflict Points Reduction.
Ay Signal Adaptability: Ability to adjust green time
dynamically.
Cy:Intelligent & Adaptive (Al-Based) Aus Real-Time Responsiveness.
A Data Accuracy & Sensor Reliability.
A7 Machine Learning Prediction Accuracy.
Aig Corridor Coordination (Green Wave Efficiency).
Al Scalability of Control Algorithm.
Cs:Network-Level Asp Robustness Under Uncertainty.
Aoy Computational Efficiency.
Ao Communication Latency Between Intersec-
tions.

Problem 1. Urban traffic signal control has become a vital component of intelligent transportation
systems in modern smart cities, aiming to improve traffic efficiency, enhance road safety, reduce en-
vironmental impacts, and ensure reliable network-level performance under dynamic and uncertain
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Fig. 1. Comprehensive framework of criteria for urban traffic signal optimization in large-scale
networks.

traffic conditions. Rapid urbanization, increasing vehicle ownership, heterogeneous traffic flows, fluc-
tuating demand patterns, and the growing presence of vulnerable road users significantly increase the
complexity of managing signalized intersections. Furthermore, real-time disturbances such as traffic
incidents, weather variability, and sensor uncertainty further complicate the selection of an effective
traffic signal control strategy.

Modern traffic signal control systems must therefore be evaluated not only on traditional efficiency
measures but also on environmental sustainability, safety performance, intelligent adaptability, and
large-scale network coordination capabilities. The presence of multiple, often conflicting, performance
indicators makes the selection of an optimal traffic signal control approach a complex multi-criteria
decision-making (MCDM) problem. Consequently, a systematic and comprehensive evaluation frame-
work is required to assess the relative performance of different traffic signal control solutions.

Let C = {Cy,Cy,Cs,...,C,} denote the set of evaluation criteria presented in Table 3, which
include traffic efficiency, environmental impact, safety, intelligent and adaptive (Al-based) capability,
and network-level performance. Each criterion is described by a set of measurable indicators such as
average vehicle delay, fuel consumption, accident rate, signal adaptability, and corridor coordination

efficiency. Let A = {A;, Ay, ..., Ay} represent the set of performance alternatives summarized in
Table 3, reflecting key quantitative and qualitative attributes used to evaluate traffic signal control
systems.

The primary objective of this study is to evaluate and rank traffic signal control strategies with re-
spect to the defined criteria in order to identify the most effective, adaptive, and robust solution for
urban traffic management under uncertainty. The proposed decision-making framework assists traffic
engineers, urban planners, and policymakers in selecting an optimal signal control strategy while al-
lowing flexibility in assigning criterion weights based on expert knowledge and operational priorities.
The corresponding expert evaluation information provided by the decision maker GG is organized in the
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subsequent decision matrix, which forms the basis for the applied evaluation and ranking methodol-

ogy.
The decision matrix is represented as:

G = [dij]mxm

where d;; denotes the performance value of alternative A; with respect to criterionC, fori = 1,2,...,m
and j =1,2,... n.
The general form of the decision matrix is given by:

dyy dip dig -0 dig

dyy  dya dag - day

G=|ds1i ds dsz - dsp
_dml dm2 dm3 Tt dmn_

Here,

A; represents the i'" alternative, C; represents the 4t criterion, d;; represents the evaluation value
(Circular complex PF number), m is the number of alternatives, n is the number of criteria.

In order to achieve improved ranking accuracy and enhance the effectiveness of the decision-
making process, the WASPAS method employs a generalized formulation for computing the total rel-
ative significance of each alternative. This generalized expression integrates the weighted sum model
(WSM) and the weighted product model (WPM) through a controllable aggregation parameter, en-
suring a balanced evaluation of the criteria.

Using the proposed MATLAB code, the relative significance value (); of each alternative is computed
directly from the normalized decision matrix and the associated criteria weights, without requiring in-
termediate manual calculations. The MATLAB implementation evaluates the WSM and WPM compo-
nents systematically and then combines them to obtain the final (); values. This direct computational
procedure significantly reduces computational complexity and minimizes numerical errors, particularly
when dealing with a large number of alternatives and criteria.

Furthermore, the reproducibility and stability of the results are guaranteed by fixing the random
seed in the MATLAB environment, which ensures that the computed (); values remain consistent across
multiple executions of the program. The obtained (); values represent the overall performance index
of each alternative, and the final ranking is determined by arranging these values in descending order,
where a higher (); indicates a more preferable alternative.

The complete set of computed (); values and the corresponding rankings, obtained directly from
the MATLAB code implementation, are reported in Table 3, thereby demonstrating the applicability,
efficiency, and robustness of the proposed WASPAS-based decision-making framework.
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Table 3
Decision criteria, alternatives, and A- 3 parameter settings
Criteria Alternative Avalue [ value Best Alternative

Cl,CQ,Cg,...,Cg) Al,AQ,Ag,...,AQQ A=1 ﬁ:01,02,03,,09 04
C,05,C5,...,Cs A, A9, Az, .., A A=1 [(=0.1,0.2,0.3,...,0.9 Cy
C,Cy,C5,...,C7 A, A9, A3,..., A% A=1 (=0.1,0.2,0.3,...,0.9 Cy
C1,C9,C3,...,Cs  Ay,A9,As3,...,A9%9 X=1 (=0.1,0.2,0.3,...,0.9 Cy
Cy,C,Cs,...,Cy Ay, A9, As,...,Ass A=1 S=0.1,0.2,0.3,...,0.9 Cy
C1,Cy,C3,...,C1g A1,A9,A3,...,A2%9 X=1 £=0.1,0.2,0.3,...,0.9 Cy
01,02,03,...,0100 Al,AQ,Ag,...,AQQ A=1 6201,02,03,,09 094
01,02,03,...,0101 Al,AQ,Ag,...,AQQ A=1 5201,02,03,,09 C94
01,02,03,...,0102 Al,AQ,Ag,...,AQQ A=1 520.1,0.2,0.3,...,0.9 094
01,02,03,...,03000 Al,AQ,Ag,...,AQQ A=1 5201,02,03,,09 01472
01702,03,...,03001 Al,AQ,Ag,...,AQQ A= 520.1,0.2,0.3,...,0.9 C1472
01702703,...,03002 Al,AQ,Ag,...,AQQ A=1 5201,02,03,,09 01472

6. Comparative analysis for Pythagorean Fuzzy environment

On the basis of Table 4, we compare the proposed techniques (WASPAS, CrC-FFWAM, and CrC-
PFWGM) with several existing operators. The following existing operators are used as a basis for this
study: Fermatean fuzzy sets (FFSs), introduced by Senapati and Yager [22], represent a major advance-
ment in fuzzy set theory by relaxing membership and non-membership constraints, allowing decision-
makers to capture additional forms of uncertainty. Akram et al. [23, 24] extended this framework
to complex Fermatean fuzzy sets (CFFSs), incorporating magnitude and phase information to better
represent multi-criteria group decision-making scenarios. To further handle geometric and structural
uncertainty, Luo [25] proposed a circular Fermatean fuzzy framework (CrFFS) and demonstrated its
effectiveness in decision-making applications. Revathy et al. [26] analyzed the algebraic operations
of Fermatean fuzzy sets and proposed multi-criteria decision-making models using t-norms and t-
conorms. Zaman et al. [27] introduced complex Fermatean fuzzy TOPSIS for effectively addressing
uncertainty, ambiguity, and incomplete information in real-world decision problems.

Several observations can be drawn from this comparison:

1. The operators by Senapati and Yager [22], Akram et al. [23,24], Luo [25], Revathy et al. [26], and
Zaman et al. [27] rely on membership and non-membership parameters for decision-making.
However, they do not incorporate the radius parameter, which limits the preservation of struc-
tural information in the data.

2. While the optimal alternatives are similar to those identified by the proposed methods, the
internal structure of these fuzzy models differs significantly. Certain judgments and contextual
data may be lost when using the existing methods, which can lead to differences in alternative
rankings compared to CrC-PFS-based evaluations.

3. Compared to these existing methods, the proposed approach provides more comprehensive
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6.1

information for handling data ambiguities, offering a more precise and realistic representation
of knowledge in uncertain environments.

Performance evaluations using measures such as accuracy, precision, and recall indicate that
the proposed operators outperform these existing approaches, providing stronger support for
real-life decision-making applications.

. The proposed operators also incorporate decision-maker parameters, A and [, which allow

for flexible alternative selection and greater autonomy in the decision process. Existing meth-
ods [22-27] do not fully satisfy the CrC-PFS framework, limiting their applicability in contexts
requiring radius-based fuzzy evaluations.

. As shown in Table 4, variations in A and 3 influence alternative scores without significantly

changing the ranking order. This consistency demonstrates the robustness and reliability of the
proposed method, confirming its practical relevance for decision-making under uncertainty.

Importance of the proposed model

. CrC-PF arithmetic and geometric mean aggregation operators provide a very high level of flex-

ibility in the process of aggregating confusing data. The applications of these operators have
been successfully used in expert systems, data fusion, pattern recognition and decision-making
fields. They are capable of dealing with complex and unforeseeable information and hence
they are applicable when dealing with ambiguous and inaccurate real-life circumstances. Their
distinctive data aggregation approach results in finding that are more credible and genuine in
helping the decision-makers in various applications to make superior decisions.

Response strategies of industrial safety in the presence of uncertain hazard risk conditions en-
compass a large number of inter-related variables and complexities, which are frequently hard
to determine and measure accurately. These methods can address the inherent imprecision and
uncertainty in the process of hazard assessment in industry and in emergency decision-making
by a generalized fuzzy logic and mathematical modeling. Consequently, more sound and cor-
rect analyses of other possible industrial safety response plans should be able to be attained,
whereby the decision-makers are able to compare, rank and adopt the most suitable safety
measures to curb the risks and improve the workplace safety.

Table 4 presents the decision criteria, alternatives, and the corresponding \-3 parameter set-
tings used in this study. Each row shows how different sets of criteria C;, Cs, . .., C, and alter-
natives A, As, ..., Ay are evaluated under fixed A = 1 and varying 3 values ranging from 0.1
to 0.9. As observed, the best alternatives change gradually as the number of criteria increases:
for smaller sets of criteria (up to Cg), C is consistently the best alternative, while for larger
sets of criteria (e.g., C99 and beyond), the optimal alternatives shift to C79 and then to (33
for the largest sets. This indicates that the proposed method is sensitive to the structural ex-
pansion of criteria but maintains stability in ranking the top-performing alternatives. Moreover,
despite variations in the 3 parameter, the ranking of key alternatives remains largely unchanged,
demonstrating the robustness and reliability of the proposed approach under different decision-
making scenarios.

After careful scrutiny, it has been determined that the operators proposed put into considera-
tions the parameters of the DMs, X\ and 3. These parameters provide DMs with a broad range
of choices to choose, as there are various scores, which are given to each alternative based on
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the various parametric values. As a result, the proposed operators provide DMs with the option
to select the alternatives that align with their specific tastes, based on the evaluation of the
alternatives based on different values of the two values, i.e. A and j3.

5. Tables 5 present a comprehensive comparative analysis between the proposed method and
existing approaches, highlighting differences in group decision-making capability, aggregation
techniques, criteria weight computation, flexibility of aggregation operators, ability to capture
radius and complex-valued information, and effectiveness in ranking alternatives.

Table 4
Comparative study of the proposed method with existing methods

Methods Captures radius information Captures complex-valued degrees Ranking of alternatives
K. Ullah et al. [22] No Yes No ranking
M. Akram et al. [23] No Yes No ranking
M. Akram et al. [24] No Yes No ranking
M. Shoaib et al. [25] No Yes No ranking
M. Nazir et al. [26] Yes No No ranking
K. Ullah et al. [27] Yes No No ranking
M. C. Bozyigit et al. [28] Yes No No ranking
Proposed Method Yes Yes Yes

7. Conclusion

We addressed the concept of complex operational laws of CrC-PFNs, which is the aim of this study.
Under complex valued operational laws that CrC-PFNs follow, we provided the notion of Circular Com-
plex Fermatean Fuzzy weighted arithmetic mean aggregation operator (CrC-PFWAM), Circular Com-
plex FF ordered weighted arithmetic mean aggregation operator (CrC-PFOWAM), CrC-PFWGM and
CrC-PFOWGM aggregation operator. Furthermore, we elaborate extensively on the recently proposed
multi-attribute group decision process that is founded on the complex fermatean fuzzy and circular
fermatean fuzzy set preference environment. The paper also examines and reviews the various bene-
ficial features of such operators. Finally, we provide a framework that considers several permutations
of the parameters, which is where we have used the parameters of lambda and beta so as to address
decision-making problems. In the process of further confirming the viability and usefulness of the
proposed approach, we considered an industrial safety response strategy selection problem under
uncertain hazard risk conditions. This technique also gives the decision-maker multiple opportunities
to evaluate the decision and enhances the flexibility of the recommended operators as the decision
maker compares the recommended operators and associated methodologies with other available op-
erators, it becomes evident that the former offers the decision-maker a more desirable, authentic and
consistent strategy in the process of collecting data to make decisions. With respect to big data, the
present research involved the incorporation of feedback about the specialists into more distinct deci-
sions. The study can be expanded in the future to include additional options and attributes to validate
the results of this one. As per the research, the ranking of the options must remain unaltered depend-
ing on various value of the values of the two, i.e., in the case of medical assessment, domestic aviation
assessment, management of medical waste, and testing of medical waste treatment techniques.
Moreover, we draw some exciting prospects of study in the future as follows:
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1. In this study, we propose a novel decision-making framework based on the WASPAS method
integrated with the proposed models to address safety response strategies under uncertain
hazard risk conditions. The developed approach is applied to a real-world problem involving
multiple conditional attributes and multiple decision attributes for evaluating and selecting op-
timal safety response strategies. To demonstrate the effectiveness and robustness of the pro-
posed method, comparative analysis, parameter sensitivity analysis, and experimental analysis
are conducted. The results confirm the efficacy, reliability, and practical applicability of the pro-
posed decision-making framework in managing safety-related risks under uncertainty.

2. We shall treat big data based on our new method of CrC-PFWAM and CrC-PFWGM of fuzzy
information of multisource and their use in conflict problems analysis.

3. The proposed methodology will be utilized to the group decision-making of large scale and the
weights of the attributes will be based on the user feedback which will be obtained via social
media.
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